The actual gate performed on, say, a qubit in a quantum computer may depend, not just on the actual laser pulses and voltages we programmed to implement the gate, but on its context as well. For example, it may depend on what gate has just been applied to the same qubit, or on how much a long series of previous laser pulses has been heating up the qubit's environment. This paper analyzes several tests to detect such contextdependent errors (which include various types of non-Markovian errors). A key feature of these tests is that they are robust against both state preparation and measurement (SPAM) errors and gate-dependent errors. Since context-dependent errors are expected to be small in practice, it becomes important to carefully analyze the effects of statistical fluctuations and so we investigate the power and precision of our tests as functions of the number of repetitions and the length of the sequences of gates. From our tests an important quantity emerges: the logarithm of the determinant (log-det) of a probability (relative frequency) matrix P. For this reason, we derive the probability distribution of the log-det estimates which we then use to examine the performance of our tests for various single-and two-qubit sets of measurements and initial states. Finally, we emphasize the connection between the log-det and the degree of reversibility (the unitarity) of a context-independent operation.
I. INTRODUCTION
Precise control of operations on single microscopic systems lies at the heart of the progress in experimental quantum computing and quantum simulation [1] [2] [3] [4] [5] [6] . A given operation is implemented by programming a particular set of instructions for laser pulses (polarization, intensity and phase as explicit functions of time) and/or voltages or currents (as explicit functions of time). A given set of instructions, however, may not lead every time to the same microscopic implementation. Apart from fluctuations in laser and electronic properties, there is another, more subtle error possible. The actual gate performed may depend on the previous operation (e.g., because the tail end of a laser pulse may still be lingering around) or on how long ago the system was reset (because, for example, the temperature increases slowly but steadily after each reset operation), or because the system may have been interacting with a (quantum) memory that kept partial track of previous operations. In Ref. [7] we and our collaborators summarized all these errors as "context-dependence" and preferred that term to "non-Markovianity" mostly because various different inequivalent definitions of the latter exist (see Ref. [8] for a review). Later on in this paper we will point out these definitions when our tests happen to detect one of the inequivalent instances of non-Markovian errors.
In Ref. [7] three tests were introduced for detecting contextdependent errors. These tests involve preparing the system in a state ρ i , running a specific sequence of instructions S, and then recording the outcome of a two-outcome measurement k. The measurement k can be regarded as yielding either a "click" or not, and we use the positive operator Π k to describe the "click" outcome. (And so the no-click outcome corresponds to I − Π k .) Such measurement, repeated N s times, gives the probability (relative frequency) P k|i (S), which is defined as the probability with which click k occurs given the input state ρ i . The approach of Ref. [7] is to focus on the probability matrix P(S) (with entries P k|i (S)) obtained by preparing d d is the system's dimension. The tests in question consist in comparing sets of probability matrices P(S 1 ), P(S 2 ), . . . corresponding to specific (and structured) sets of sequences S 1 , S 2 , . . . These sequences have the property that, in the absence of context-dependence, the corresponding probability matrices should exhibit certain well-defined symmetries. So, the tests proposed in Ref. [7] work by checking whether these symmetries are broken. An essential point here is that testing these symmetries does not require precise knowledge of either the actual input states or the observables measured. That is, these tests for context-dependence are robust against state preparation and measurement (SPAM) errors [9] .
Unlike self-consistent quantum tomography (see [9] [10] [11] [12] ), the tests discussed here do not attempt to (and cannot) reconstruct a set of gates. Nonetheless, in the absence of contextdependent errors, one of the tests discussed in [7] can be used as a protocol for characterizing the degree of reversibility (i.e., the unitarity) of an operation. This protocol allows us to estimate the unitarity of a gate by examining the decay rate of the logarithm of the determinant (the log-det) of a sequence of probability matrices. This gives the unitarity thus defined a clear operational meaning.
Due to the high quality (fidelity) of quantum gates in current state-of-the-art experiments (see e.g. [13] [14] [15] ), most errors -especially the context-dependent errors we are considering here -are expected to be small. It is crucial, therefore, to understand how from a finite set of experimental data one can distinguish a context-dependent error from what is merely a statistical fluctuation (due to the finite number of experimental runs N s ). We present here a careful analysis of all three tests, with the aim of answering equations like (a) how many repetitions N s of gate sequences are needed to detect a certain size error? (b) how long should the gate sequences be? (c) what are the best (most efficient) ways of implementing the tests? (d) what is the precision of the unitarity estimates?
In this paper we examine these questions by including statistical fluctuations into the model for context-dependence considered previously in Ref. [7] . This model contains standard gate errors like energy relaxation and dephasing (characterized by T 1 and T 2 times) and SPAM errors. Contextdependent errors are modeled by having our computational qubit interact with a memory qubit. We assume we cannot do measurements on the memory qubit and so we must (and will) infer the context-dependence purely from measurements performed on the computational qubit, i.e., from P(S).
We apply several statistical methods to answer the questions mentioned above, and we also check whether the premises underlying those (known) statistical methods are indeed fulfilled. We derive an approximate distribution for the log-det estimates as a function of the true probability matrix P and N s . Based on this result, we show how using single-qubit and qutrit Symmetric Informationally Complete (SIC) [16] [17] [18] sets (as input states ρ i = |ψ i ψ i | and measurement directions Π k = |ψ k ψ k |) typically leads to smaller error bars (and hence is more efficient) than using more standard sets (eigenstates of Pauli operators). Further, we use these findings to study the precision of the log-det-based unitarity estimates of single-and two-qubit (context-independent) gates.
II. CONTEXT-INDEPENDENCE TESTS
We say an operation G, resulting from the physical implementation of an instruction G, is context-independent if its action on the quantum system can be described by a map ρ → ρ = G(ρ) that does not depend on G's position in any sequence of instructions S. In the next subsection we discuss a useful representation of quantum maps that will later allow us to design SPAM-independent tests for context-dependence and/or non-Markovianity.
A. The Liouville representation of quantum maps
Let us consider a d-dimensional quantum system and a linear map S : 
Here,
n=1 is a Hermitian operator basis such that its elements are orthogonal with respect to the Hilbert-Schmidt inner product, i.e., (P n |P m ) := Tr(P n P m ) = dδ nm . (We shall abuse notation by using the same symbol to denote both a map and its matrix representation.) From the above definition, it follows that any matrix S representing a hermiticitypreserving map, i.e., S(A) † = S(A † ), has real entries. It is also worth noting that the matrix representation S , of the map S(·), in a different orthogonal basis {P n } d 2 n=1 , such that P n = n O n n P n (with O ∈ R 
Since a context-independence test should not depend on the (orthogonal) operator basis we choose to describe a map S, any such test should be insensitive to a transformation of the form Eq. (2) . In addition, in the language of Gate Set Tomography (GST) [11] , a gate-set admits a more general transformation; specifically, GST allows a gauge transformation
gauge , T gauge ∈ GL d 2 (R), which is compatible with the observation (i.e., the data) and does not alter the predictions generated by that gate-set (see [11] for details).
The tests for context-independence introduced in Ref. [7] are based on spectral properties of the matrices representing a series of sequences and are, therefore, gauge invariant (in the sense of GST) and, in particular, independent of the choice of the operator basis {P n } 
where we made use of the fact that S is linear. Furthermore, the above equation implies that the action of the composition S 2 • S 1 , of two linear maps S 2 and S 1 , on an operator A is
A comparison between equations (3) and (4) reveals that the matrix representing the composition S 2 • S 1 is simply given by the matrix product S 2 S 1 . Unsurprisingly, this property of the Liouville representation will turn out to be especially convenient when testing for context-dependence.
The following are some additional aspects of the Liouville representation that are relevant to this work. If a linear map S is trace-preserving (TP), that is Tr[S(A)] = Tr [A] , then it is clear that it must preserve the traces of all the basis elements
. Using Eq. (3) we find that the trace-preservation condition can be succinctly stated -in a basis-independent fashion -as follows
where
T . Hence, a TP map must have an eigenvalue equal to 1. An alternative way of expressing the trace preservation conditions is S † (I d ) = I d , where S † denotes the Hermitian conjugate of the map S with respect to the Hilbert-Schmidt inner product, that is, (A|S(B)) = (S † (A)|B). On the other hand, a unital map, i.e., a map that preserves the identity I d , must satisfy the condition Sτ r = τ r , which can be easily proved using Eq. (3), together with the orthogonality relation Tr[P n P m ] = dδ nm . Note that thus far, we have not made use of a particular choice of basis {P n } d 2 n=1 (the context-independence tests that will be described here do not require choosing a specific basis). A common choice is P 1 = I d , for which the remaining basis element must be traceless (e.g., the generalized Pauli matrices). The condition Eq. (5) implies that in a such bases, the matrix representation of a TP map must assume the form [19] 
where the (d 2 − 1) × (d 2 − 1) matrix W s and the (d 2 − 1) × 1 vector κ are called the unital and non-unital parts of S, respectively. Finally, from the definition Eq. (1) it follows that the Hermitian conjugate S † , of a map A → S(A), is represented by the matrix S T . This implies that the matrix representing a unitary operation S U (A) := U AU † , where U U † = I d , satisfies S U S T U = I d 2 and thus, | det(S U )| = 1. Furthermore, the fact that a unitary matrix can be written as U = √ U √ U , where √ U is also unitary, implies that det(S U ) = 1.
B. Quantum process tomography revisited
The property Eq. (4) implies that if one could reliably determine the matrix representations {G i } corresponding to a set of instructions {G i }, then testing for context-dependence 2 , lead to a d 2 × d 2 probability matrix P(S) having entries P k|i (S), which in the absence of context-dependence are given by
would simply amount to verifying whether each product G i G j matches -within some tolerance -the operation resulting from the implementation of the sequence of instructions G i • G j . To explain how these tests work, let us consider the minimal tomographic scheme depicted in Fig. 1 . The set of gates {G
k=1 rotate the measurement axes, before measuring some POVM effect M 0 . As in Randomized Benchmarking (RB) [20] [21] [22] and GST protocols, we take the initial state of the system ρ 0 and the POVM effect M 0 to be fixed [23] . Furthermore, if we assume that all the operations involved in our tomographic scheme are context-independent, then this scheme yields a d 2 × d 2 probability matrix whose entries are (in the infinite sample-size limit N s → ∞), given by
and making use of Eq. (3) we can readily express the probability matrix P(S) as
where the matrix S is given by Eq. (1) and
matrices with entries
in Ref. [7] do not require any knowledge about the actual input states {ρ exp i } and observables {M exp k } and are, therefore, insensitive to the SPAM specifics, as long as the (verifiable) condition Eq. (10) is met. In practice, however, because of statistical fluctuations of the probability estimatesP(S) (due to finite sampling), some degree of control of the input states and measurements will be required to guarantee both the power and precision of the tests. In fact, as discussed in Sec. VII, certain target tomographic sets {ρ i = |φ i φ i | , Π k = |ϕ k ϕ k |} will, typically, lead to a better performance of the tests than others. Thus, it will sometimes be convenient (though not essential) to consider the raw map [7] S raw := (Φ ideal out
So, in the absence of SPAM errors, S raw = S, up to statistical fluctuations.
The key observation that allows us to test for contextdependence is that although the matrices Φ in(out) , in Eq. (7) are unknown, the relation P(S) = Φ T out SΦ in -which links the data P(S) with the map S -should hold for any sequence S, in the absence of context-dependence. Note that the matrices Φ in and Φ out are not unique. For example, the transformation Φ in → αΦ in and Φ out → α −1 Φ out (with α = 0) does not modify the relation Eq. (7). Moreover, α could be taken to depend on S. The important point is, however, is that the data P(S 1 ), P(S 2 ), . . ., corresponding to the set of instructions S 1 , S 2 , . . ., should be generated via the relation Eq. (7), using two fixed matrices Φ in and Φ out (e.g., those in Eqs. (8) and (9)). Finally, note that relation Eq. (7) may also be expressed in the following, somewhat different, form (12) where vec[A] denotes the vector obtained by stacking the columns of the matrix A. However, this vectorized form of Eq. (7) does not serve our purposes because it obscures the relationship between compositions of maps and the data. On the other hand, working with expression Eq. (7) will allow us to take advantage of some well-known facts concerning squared matrices, as shown in the next subsections.
C. Permutational tests
We will now establish a family of tests for contextdependence by checking whether a set of probability matrices {P(S k )} N k=1 is compatible with the relation Eq. (7) and the assumptions that the gates in the sequences are contextindependent. For example, let us consider the sequences of instructions S = G 2 • G 1 and S = G 1 • G 2 . Then, according to our definition of context-independence, these sequences of instructions should result in the operations S = G 2 G 1 and S = G 1 G 2 . From Eq. (7) we readily see that contextindependence imposes the following constraint on the probability matrices P(S) and P(S ): det(P(S)) = det(P(S )). In general, for any sequence of instructions
• G 1 , we can consider the permuted sequence (1) . Then for any permutation σ, the probability matrix P σ := P(S σ ) will obey [7] 
where P 1 := P(S 1 ), provided the relevant gates are context-independent. Note that the constant det(Φ out Φ in ) is representation-independent and equal to the determinant of the matrix
It is clear that this permutational determinant test (PD-test) is insensitive to SPAM errors as these cannot trigger a statistically significant difference between det(P σ ) and det(P 1 ). Furthermore, note this test does not make use of a particular matrix representation (see Eq. (1)) of the process S. As mentioned in [7] , this test will not detect unitary context-dependent errors because det(G) = 1 when G represents a unitary operation (as shown in Sec. II A). Finally, it will be prove convenient to express the PD-test as the invariance of the log-det
for any permutation σ. Here we made use of Eq. (11) and introduced the constant matrix P ideal 0 , with entries given by (P ideal 0
We can further exploit relation (7) by considering a "reference" sequence S 0 , whose meaning will be become clear below. Let us apply the tomographic scheme Fig. 1 to two sequences S 0 and S 1 and let P(S 0 ) and P(S 1 ) be the resulting probability matrices. Then, using the relation Eq. (7) we find that P(
, which implies that Spec[P(S 1 )P −1 (S 0 )] = Spec(S 1 S −1 0 ). Choosing S 1 = S • S 0 and assuming context-independence (i.e., S 1 = SS 0 ) we obtain the following expression for the spectrum of the map S, in terms of probability matrices
The reference sequence S 0 can be chosen arbitrarily as long as the matrix P(S 0 ) is invertible, which will the case for a sufficiently short sequence S 0 [25] . In particular, we can choose S 0 = I ∅ , that is, the instruction to do nothing between SP and M -which should not be confused with I, the instruction to apply an idle gate of finite duration. Substituting P(S) = P(S • I ∅ ) and P 0 := P(I ∅ ) in Eq. (15), we obtain the expression Spec(S) = Spec[P(S)P
0 ] which allows us to establish the following permutational test for context-dependence. Consider a sequence of m instructions
(σ is a cyclic permutation of 1, 2, . . . m). Then, if the operations involved are context-independent, we have the permutational symmetry [7] Spec(P σ P
where P 1 := P(S 1 ) and P σ := P(S σ ). In deriving Eq. (16) we made use of the fact that the spectrum of product of matrices is invariant under cyclic permutations of the matrices.
Since
(these specify the coefficients of the characteristic polynomial χ(z) = det(zI d 2 −A)), we can express the test Eq. (16) in terms of the invariance of the fidelities
for r = 1, 2, . . . , d
2
. Note from Eq. (15) that the quantity
σ is just the process fidelity [26, 27] of the map S
•r σ , with respect to the identity. Clearly, both permutational tests, described by Eqs. (13) and (17) , require sequences involving at least two different gates (instructions). In addition, the sequences of instructions employed should long enough to amplify the context-dependence effects, if present, to ensure statistical significance. A drawback of these tests is that they require guessing the right sequences and permutations in order to detect context-dependence. Nonetheless, these tests could be used to verify (or rule out) a specific family of models, without having to worry about SPAM errors. Individual gates can be studied, and partially characterized, by means of iterative tests [7] , which make use of sequences of the form
D. SPAM-independent approach to CP-indivisibility
Before proceeding to discuss iterative tests for contextindependence, we briefly make contact with the problem of CP-divisibility (non-Markovianity) [28] [29] [30] [31] . It turns out that Eq. (7) may be used to construct a CP-indivisibility witness which does not depend on the SPAM details, provided we make an additional assumption. Recall that the relation Eq. (7) was derived under the assumptions that (i) the process S does not depend on the gates {G in i } used to prepare the input states, and (ii) the output gates {G out k } do not depend on either the sequence S or the input gates {G in i } (plus the reasonable assumption that ρ 0 and M 0 are fixed). This set of assumptions is weaker than the context-independence of all the operations on a given quantum system. Indeed, it could be the case that context-dependence is only present in the sequence of operations S, in which case the relation Eq. (7) holds. Thus, let us assume that the probabilities in scheme k } are unknown, yet fixed, input states and observables; we will refer to such state preparation and measurement as "fixed-SPAM". Now, following the approach of Ref. [29] , we consider two sequences of instructions S m0 and S m = S m,m0 • S m0 and assume that the corresponding maps S m0 and S m are CPTP. The problem of CP-divisibility addresses the question of whether the map corresponding to the sequence S m,m0 is CPTP as well. The idea of Ref. [29] is to examine the positivity of the Choi-Jamiołkowski matrix ρ Sm,m 0 [32, 33] (see also Ref. [34] ) associated with the map S m,m0 := S m S 
On the other hand, it is known that the eigenvalues of a CPTP map lie on the unit disc |λ i | ≤ 1 (see e.g., Ref. [35] ). In fact, this result does not require complete positivity; it suffices to assume just positivity and trace preservation [28] . Therefore, if S m,m0 is CPTP, the pair of probabilities matrices P(S m ), P(S m0 ) must obey the inequality
where R[A] denotes the spectral radius of A. Thus, we can make use of the spectral radius R m,m0 to witness CPindivisibility, in a way which is insensitive to fixed SPAM errors.
A closely related approach to CP-indivisibility -also based on spectral properties of CPTP maps -was proposed in Ref. [36] . Specifically, the idea presented in [36] consists in examining the behavior of the determinant det(S t ), where the map S t describes the evolution of a system. Since the moduli of the eigenvalues of a CPTP satisfy |λ i | ≤ 1, it is clear that if S t is CP-divisible, then the determinant det(S t ) cannot increase with t [36] . Moreover, the CP-indivisibility witness det(S t ) can be interpreted geometrically as the volume of the set of accessible states [36] . It turns out that if we assume fixed-SPAM, the determinant of the probability matrix P(S) can be used to witness CP-indivisibility, as briefly mentioned in Ref. [7] . To see this, let us consider an arbitrary sequence of instructions
Then, from Eq. (18) we find that | det(P(S m )P −1 (S m0 )| ≤ 1 (if the sequence is CP-divisible) and therefore
Hence, if S m can be represented as a sequence of CPTP maps, the quantity | det(P(S m ))| cannot increase with m (in the case of fixed SPAM).
E. Iterative determinant test and unitarity measures
Finally, let us discuss the iterative determinant test (IDtest), introduced Ref. [7] , which in the case of contextindependence allows us to estimate the unitarity of a particular gate G. The ID-test consist in applying sequences of instructions of the form S m = G • . . . • G ( i.e., G is applied m times) and then examining how the quantity log(| det(P m )|) behaves with the length of the sequence m. If all the operation involved in determining the probabilities matrices P m are context-independent, then using Eq. (7) we readily find that the quantity log(| det(P m )|) must decay linearly with the length m, regardless of the presence of SPAM errors. More precisely, writing S m = G m and using Eq. (7) we find that 
Here, the (k, i) entry of the matrix
, where {ρ i , Π k } are our target input states and measurement observables, so that, in the absence of SPAM errors, L 0 = 0. Finally note that, as in Ref. [7] , the quantity L m may also be written as L m = log(| det(S raw m )|), where S raw m is related to P m via Eq. (11) .
An important feature of the ID-test Eq. (21) is that if a linear relationship between L m and the sequence length m is observed (within error bars), then one can extract, from the slope of L m , the quantity | det(G)| (see Eq. (20)), which can be related to the degree of reversibility (unitarity) of the operation G. Indeed, it is known that for a positive and trace preserving map | det(G)| = 1 implies that G is either unitary or unitarily equivalent to the transposition map T : A → A T (which is not CP) [28] . In addition, if G is unitary then det(G) = 1, which means that for high-fidelity gates, we will have det(G) > 0 and thus, in practice, we can safely drop the absolute value sign in the slope log(| det(G)|). Nonetheless, it should be kept in mind that a CPTP map may have a negative determinant (see footnote [37] ). Thus, in light of the above discussion, a natural definition of the unitarity u (G) of an operation G is the following [7] 
This measure of unitarity enjoys the following easy-to-check properties:
The purpose of the power 2/(d 2 − 1) in the definition Eq. (22) is to relate u (G) to the unitarity measure u(G), proposed in Ref. [38] (also see Ref. [39] ), namely
where the (6)). As we prove below, for trace preserving maps, the determinant-based measure u (G) provides a lower bound for u(G). This can be easily shown by noticing that
n , where {s n } are the singular values of W G . If G is trace preserving, then we have
readily follows from application of the arithmetic meangeometric mean (AM-GM) inequality. Furthermore, as shown in Sec. V, for gates that are "close" to a unitary operation, the measures u(G) and u (G) yield nearly the same results. Let us now consider the framework of quantum-opensystems to further explore the connection between the measure u (G) and the effects of decoherence. First, we assume that the evolution of a d-dimensional system can described by the time-independent Lindblad master equation [40, 41] ,
, where H is the system's Hamiltonian, the term D(ρ) =
takes into account dissipative effects and each map D k has the form
which, together with the condition γ k ≥ 0, guarantees that the evolution of the system is completely positive. Trace preservation follows from the fact that
Since we have assumed that Eq. (26) is time-independent, the map ρ 0 → ρ t = S t (ρ 0 ), describing the evolution of the system, is simply given by S t = e tL . Now, using the Liouville representation Eq. (1), we express the generator L and the map S t as
real matrices, which allows us to write
As noticed in Refs. [28, 42] 
which does not involve the system's Hamiltonian. This observation implies that if the implementation of a certain set of gates {G k }, of equal duration t g , can be described (correctly) by a Lindblad equation, with a deterministic control Hamiltonian H k (t) (e.g., describing microwave pulses applied to a superconducting qubit) and a time-independent term D (to ensure context-independence), then these gates will share the same determinant (and unitarity), namely
The relevance of this fact is that it can be verified, experimentally, employing the ID-test described earlier in this subsection. [43] . This suffices to show that the trace of the map Eq. (27) is given by
Here, in the last step, we made use of the Cauchy-Schwarz inequality |Tr(
Finally, it is worth recalling that the Lindblad operators {F k } are not unique as both the mixing transformation
where U is unitary, and the c-number shift transformation
leave the Lindblad equation invariant [44] . As expected, these transformations do not modify the trace Tr[D k ] either, as apparent from Eq. (32) .
As an example, let us apply the Lindblad equation (26) to describe the evolution of a qubit undergoing energy relaxation and dephasing with decay rates γ 1 and γ φ , respectively. These decoherence channels can be described by means of the traceless Lindblad operators F 1 = σ − and F φ = Z/ √ 2 [45] . If the qubit's Hamiltonian is H = − ω 2 Z, then, in the operator basis {I, X, Y, Z}, the matrix representation of S t is
where 1/T 1 := γ 1 and 1/T 2 := γ 1 /2 + γ φ . Making use of Eqs. (30) and (32), we immediately find that det(S t ) = exp(−2t(γ 1 + γ φ )), which can be explicitly checked using the matrix Eq. (34) . Consider now two qubits, A and B, interacting independently with local environments, as discussed above. Then the matrix representation (in the product basis {I, X, Y, Z}
⊗2
) of the map describing the evolution of the qubits is simply S 
Finally, this basic example can be further exploited to show that the ID-test can potentially detect context-dependence caused by classically correlated noise, such as random telegraph noise (RTN) [46] [47] [48] [49] . More precisely, consider fluctuations in the qubit's frequency of the form ω(t) = ω 0 + η(t), where the stochastic function η(t) describes a RTN signal. Then, averaging the map Eq. (34) (with γ 1 , γ φ = 0) over many realizations (configurations) of the RTN process, we get S t = 1 ⊕ W t , where the average of the unital part W t is
and ϕ t = t 0 η(t )dt. Hence, det( S t ) = exp(iϕ t ) 2 , which implies that a non-zero amplitude RTN signal η(t) will lead to deviations from linearity in the, SPAM-insensitive, test Eq. (21) . Here it should be noted that an alternative way of identifying this kind of correlated noise, in a SPAMinsensitive fashion, has been recently proposed in Ref. [50] . Roughly speaking, the idea presented in [50] consists in studying the function exp(iϕ t ) by means of a combination of Ramsey and Hahn spin echo sequences and RB, through which Tr[ W t ] is extracted.
F. A toy model of context-dependence
To elucidate some of the points discussed in this section, we now consider a solvable toy model, wherein the contextdependence of the operations on a system A is generated through an "unwanted" interaction with a small quantum system B (which acts as a memory). As mentioned earlier in subsection II C, our permutational tests for context-dependence require testing sequences containing at least two different types of instructions. We take these instructions to be I and X π , which would ideally produce the unitary operations I and X π/2 on a qubit A. To introduce context-dependence in this model, it suffices to assume that (i) the result of the instruction I is an operation I = U AB acting on a larger system AB, where B is another qubit whose initial state is of the form ρ B = 1/2(I + n B z Z), with |n B z | < 1; (ii) the instruction X π/2 results in the context-independent operation X π = X π ⊗ I B (it does not affect system B), as depicted in Fig. 2(a) ; (iii) finally, we take the two-qubit operation U AB to be given by
Let our target set of input states and measurement observables be ρ i = |φ i φ i | and
is the "standard" single-qubit tomographic set |φ 1 = |g , |φ 2 = |e , |φ 3 = 1/ √ 2(|g + |e ) and |φ 4 = 1/ √ 2(|g + i |e ). If the initial state of A is ρ 0 = |g g| and the POVM effect is M 0 = |e e| (see the diagram Fig. 1 ), then our target set can be realized using the input/output gates {G
To keep this model simple, we assume that these gates are context-independent, which is equivalent to the fixed-SPAM assumptions discussed in subsection II D. We introduce SPAM errors by adding a gate-dependent depolarizing channel
Tex for Graffle The sequences of instructions showed in (b) (where m1 + m2 is kept fixed) and (c) are used to show (in a SPAM-insensitive way) that the probability matrices obtained by measuring system A cannot be generated by context-independent operations.
gates specified above. Specifically, we will assign α i = α π/2 to each π/2-pulse gate, α i = α π to the π-pulse gates and α I = 1 to the input/output idle gates.
To show how the permutational tests work in this model, we consider the variant of the Hahn spin-echo sequence shown The corresponding probability matrices P (m1,m2) are, after tracing out the memory B, given by
It suffices to compare two of these probability matrices, for example P (m,0) and P (m/2,m/2) , to show that Eq. (37) cannot be generated by context-independent operations acting on system A. Indeed, application of the PD-test Eq. (13) to the sequences S (m1,m2) yields
where ∆m := m 2 − m 1 . Note that the initial state of the memory (qubit B) determines the amplitude of the variation of det[P (m1,m2) ]. Since the permutations considered in Fig. 2 (b) are cyclic, we can also try to detect context-dependence by observing changes in the fidelities
(see the permutational test Eq. (17)). Here, the reference probability matrix P 0 (which corresponds to the instruction I ∅ ) has entries given by
where D i (·), i = 1 . . . 4, are the depolarizing channels introduced earlier in this subsection and G in(out) i are our ideal input (output) gates. For the sequences Fig. 2 (b), we find that the fidelity F (1) (m1,m2) vanishes identically. On the other hand, from Eq. (38) we know that at least one of the higher "moments"
The form of the above context-dependence witnesses follows directly from the fact that the spectrum of the reduced map
] is {1, −1, |λ|, −|λ|}, where
(m1,m2) = 0). The probability matrix Eq. (37) may also be used to discuss the ID-test Eq. (21) . To do this, we consider the circuit in Treating the operation X π as a SPAM error and making use of Eqs. (37) and (38), we readily find that
(Note that for our tomographic set det(|P
.) The non-linear behavior of L m in the above equation implies that the reduced dynamics of qubit A cannot be generated by iterations of a context-independent operation I A . Furthermore, for sufficiently long sequences (with m > m cr = π/(2ϕ) ), the non-monotonicity of L m indicates CP-indivisibility (for fixed SPAM). In this toy model, the same conclusion is reached by examining the spectral radius Eq. (18) . Specifically, employing the matrices P (0,m0) and P (0,m) , corresponding to the sequences described in Fig. 2(c) , we compute the spectral radius
where µ is given by
Hence, for |n B z | = 1, the reduced dynamics of qubit A between m 0 and m (m > m 0 ) cannot be described by a CPTP map when sin 2 (mϕ) < sin 2 (m 0 ϕ) (for which |µ| > 1).
III. THE ZZ MODEL AND DISSIPATION
In this section, we describe in greater detail the more realistic model of context-independence introduced in Ref. [7] . This model will used later in this work to explore how statistical fluctuations affect the tests described in the previous section. The main difference between the toy model presented in the previous subsection and the one we discussed here, is that the latter takes into account dissipative effects such as energy relaxation and dephasing. In addition, this model will be consistent in the sense that the form of the input and output gates, G in(out)
, employed to obtain the probabilities matrices P(S), will be same as that of the gates used in the sequences we test.
As the previous subsection, we consider two qubits A and B, coupled via an Ising interaction V = J 2 Z ⊗ Z. For the sake of simplicity, we assume that single qubit gates are implemented via the time-dependent control Hamiltonian H c (t) = Ω i cos(ω i t + φ i )X i , i = A, B (here X, Y and Z are the standard Pauli matrices). In a frame rotating with the frequency of the qubits, this control Hamiltonian assumes the form
(after the rotating wave approximation [51] ). The timeindependent Hamiltonian H R c can be used to implement a set of single qubit gates of equal duration t g by choosing the Andrzej Veitia Figure 3 . Generalization of the toy-model Fig. 2(a) . Here, the dotted circles represent local environments contributing to the decoherence of both system A and the memory B. The context-dependence of the operations on system A is induced by the two-qubit interaction
appropriate amplitude Ω i and phase φ i for each gate. On the other hand, notice that the Ising Hamiltonian V and the maps D k (see Eq. (27)) describing energy relaxation, spontaneous excitation and dephasing (via the Lindblad operators
, retain their form in the rotating frame (these processes commute with the free evolution of the qubit). Based on these observations, and motivated by Eq. (44), we will assume that the noisy implementation of a gate G ⊗ I B , in the presence of the unwanted interaction V, is given by following map acting on AB :
Here, J G is a generator of the gate G, V represents the map Also, for consistency, we assume that the initial state of the system is ρ
which ensures that ρ AB 0
is stationary under the action of D and Thus, in this model, our probability matrices P(S) will be given by
where G in (out) and S are the noisy implementations Eq. (45) of a set of input(output) gates and a sequence of instructions S, respectively. The sources of SPAM errors in this model are (i) the errors in the gates G in (out) , (ii) the unknown parameter n A z in the initial state ρ A 0 = 1/2(I + n A z Z), (iii) and the "efficiency" η of the POVM effect M A 0 = η |e e|. For J = 0 (i.e., no interaction between the qubits A and B) each operation G (on A) is context-independent and, regardless of the SPAM errors mentioned above, we can estimate its unitarity u (G) using the ID-test Eq. (21) . Moreover, setting V = 0 in Eq. (45) and making use of Eqs. (31) and (32), we obtain the following gate-independent expression for the unitarity of G :
A feature of this model is that for certain sequences of instructions the context-dependence effects will not be visible (let alone statistically significant). More precisely, if we choose ϕ := Jt g 1, then, as shown in Ref. [7] , application of the ID-test to the sequence S m = X m π will result in a nearly linear relationship between L m and the length of S m . However, iterations of the form
will lead to a marked non-linear behavior of L m (and even CP-indivisibility) for sufficiently long sequences. This happens because certain sequences in our model will not amplify the context-dependence effects induced by a small parameter ϕ = Jt g [52] .
IV. SIMULATION AND ANALYSIS OF STATISTICAL FLUCTUATIONS
We now turn our attention to examining the impact of statistical fluctuations on the test for context-dependence discussed in detail in Sec. II. In practice, a matrix element P k|i will be estimated by repeating the experimental configuration shown in Fig. 1 a finite number of times N s . This will yield the estimateP k|i = n k|i /N s , where n k|i is the number of times we observe the event described by the POVM effect M 0 . Clearly, in the limit N s → ∞, the estimatesP k|i will obey Born's rule, i.e.,
) and thus, our tests will be exact and insensitive to SPAM errors, as shown earlier in this work. For N s 1, we expect the estimateŝ P k|i = n k|i /N s to be close to the corresponding true probabilities P k|i . Thus, the goal of this, and subsequent sections, will be to explore how the fluctuations
affect the statistical significance of the context-dependence tests and the precision of the unitarity estimatesû (G). Providing a general answer to this question is a difficult problem because our tests are based on quantities involving all the matrix elements ofP(S) (e.g., log(| det(P(S))|). For this reason, we will first restrict our discussion here to the statistical significance of context-dependence effects generated via the ZZ model described in the previous section. Statistical fluctuations can straightforwardly be incorporated into our model by "perturbing" the true probabilities P k|i obtained from our "ideal" simulations (as those shown in Ref. [7] ), wherein N s = ∞. More precisely, we will generate estimatesP k|i by sampling the number of events n k|i from the binomial distribution Bin(N s , P k|i ), with N s 1. For sufficiently large values of N s , the counts n k|i will be normally distributed, with mean N s P k|i and variance N s P k|i (1−P k|i ). Hence, the fluctuations δP k|i will be distributed as follows:
where N (µ, σ 2 ) denotes a normal distribution with mean µ and variance σ 2 . As a result, the fluctuations of the quantities computed fromP(S) will be, approximately, normally distributed, for sufficiently large values of N s [53] .
Below, we describe in detail a set of simulations that will later allow us to study the power and precision of our tests. (i) For each sequence S m , we generate an estimateP m by sampling the counts n k|i from the binomial distribution Bin(N s , P k|i ). We then use this estimate to calculate the quantity of interest y m (e.g., the log-det ofP m ). The purpose of this step is to simulate data corresponding to an experiment with N s runs per measurement configuration.
(ii) To estimate the variance of y m , we resort to the bootstrap method [54] . That is, for eachP m , we generate a set of B bootstrap replicas. Each replica is generated by resampling each entry of the "counts-matrix" N sPm from the binomial distributions Bin(N s ,P k|i ). For each replicaP m,b , we compute the quantity of interest y m,b . Then the sample variance
provides a reasonable estimate of the true variance of y m . Note that, in general, the variances σ 2 m will be heteroskedastic (i.e., σ 2 m will depend on m). For the determinant-based tests, we will replace, in Sec. VI, the bootstrapping by a more computationally efficient, yet equivalent, method. Namely, we will work out the distribution of the quantity log(| det(P)|), which will allow us estimate the variances σ 2 m using a functionP m →σ 2 [P m ]. (iii) We repeat step (i) R times. That is to say, we consider a set of R hypothetical experiments. We do this step to verify some of our assumptions (e.g., normality) as well as to present results (such as the power of a test) which are independent of our random number generator. The purpose of this step (and step (ii)) will become more apparent in the next subsections.
The left three panels in Fig. 4 show the single-qubit realization of step (i), using N s = 50, 000 runs per experimental configuration. Context-dependence and SPAM errors were introduced via the ZZ model discussed in Sec. III. The PDtest Eq. (14) , displayed in Fig. 4(a) , was applied to permutations of the sequence S 1 = I n X n π , where n = 250. More precisely, we considered non-cyclic permutations of the form
. . , n + 1. We then perturbed (as explained in step (i)) the M = 51 probability matrices P σ1 , P σ6 , P σ11 , . . . , P σ251 , which were used to compute the log-dets L σ1 , . . . , L σ251 . Figure 4(c) shows simulations of the cycle-test applied to cyclic permutations of the sequence S 1 = X π I n , with n = 500, that is,
. . , n + 1. We computed the fidelities Eq. (17), with r = 2, for the M = 51 estimateŝ P σ 1 ,P σ 11 ,P σ 21 , . . . ,P σ 501 . To ensure that each fidelity F (2) σ k -which involves a pair of probability matrices -is unbiased, we generated a set of M = 51 statistically independent probability matricesP
(while keeping the reference sequence S 0 = I ∅ fixed). The dots in Fig. 4(c) represent the fidelity estimates F
, whose fluctuations are now, to a good approximation, distributed as N (0, σ 2 k ). Finally, the panel Fig. 4(e) displays the results of the ID-test Eq. (21), applied to the sequences S m = I m , m = 0, 10, 20, . . . , 500. The parameters we used to generate the plots showed in Fig. 4 were as in Ref. [7] , namely, γ
(Note that these values correspond to stateof-the-art superconducting qubits [6] .) The initial states of A and B have n A z = n B z = 0.84 (which determines the value of γ 3 ) and we took the efficiency of the POVM effect M 0 = η |e e| to be η = 0.95. As in the toy-model discussed in Sec. II F, the probability matrices were obtained employing the noisy set of gates
The right three panels in Fig. 4 were obtained using steps (ii) and (iii). These display the distribution (histogram) of the , are markedly visible and any sensible statistical tests will lead us to the conclusion that some of our gates must necessarily be context-dependent. However, for smaller values of N s or ϕ, these signals will become less discernible; thus some statistical tools will be required to assess the statistical significance of these effects. Given the simplicity of the null hypotheses associated with our tests it will be convenient to formulate the problem of detection of context-dependence in the popular framework of hypothesis testing [55] . The null hypotheses associated with the permutational tests Eqs. (14), (17) and the ID-test (21) are
Thus, our approach will be to assume that the above hypotheses are true unless the value of some statistic T provides strong evidence to reject them. Finally, note that our SPAM-insensitive tests for CP-divisibility (see Sec. II D) are less amenable to hypothesis testing. For example, the question of the monotonicity of the quantity log(| det(P m )|), taking into account statistical fluctuations, could be addressed using the isotonic regression method [56] , but this topic goes beyond of the scope of this work and will not be discussed further here.
•
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' ⇥ 10 and Lm, for Ns = 50, 000 runs per experimental configuration. The "solid" curves in the left panels describe our simulations in the limit Ns → ∞. In (a) and (c) we considered permutations of the sequence I 250 X 250 π and cyclic permutations of XπI 500 , respectively. Panel (e) displays Lm for iterations of the noisy idle gate I. The number of points "perturbed" (dots) in each test is M = 51. The left three panels show the corresponding chi-squared distributions for each test in the case ϕ = 0. The histograms were obtained by considering a set of R = 10, 000 hypothetical experiments. In each test, the variances were estimated using B = 50, 000 bootstrap replicas.
A. Weighted least squares and the chi-squared statistic
The variances σ 2 m found via the bootstrap method (see step (ii)) play a key role in assessing the goodness of fit of a particular model. Since the homoskedasticity of our observations cannot be guaranteed, we will employ the weighted least squares method (WLS) to fit q-parameter models of the form
to a set of observations
(see, e.g., the plots in Fig. 4 ). The WLS estimate of β = (β 0 , . . . , β q−1 ) minimizes the weighted residual sum of squares (with weights
More precisely, the WLS estimate of β is the solution of the optimization problem
Note that this estimate is precisely the maximum likelihood estimate (MLE), under the normality assumption. The above minimization problem has the closed-form solution
T is called the observation vector, X q is the M × q design matrix (which depends on the model we are fitting) and W := diag(w 1 , . . . , w M ).
Note now that the objective function minimized in Eq. (56), is just the chi-squared (X 2 ) statistic (see e.g., [55] ). Furthermore, if there really is an underlying relationship (i.e., a "true" model) of the form Eq. (55), i.e.,
then the X 2 statistic should follow the chi-squared distribution with M −q degrees of freedom, i.e., X 2 ∼ χ 2 M −q . For the sake of completeness, we provide here a proof of this well-known fact. First, using Eqs. (57) and (58), we write the X 2 statistic as follows:
E , where || · || E is the standard Euclidean norm. Now we note that the operator, P w :
Hence, without loss of generality, the matrix P w is of the form
Finally, notice that z := √ W ε ∼ N (0, I M ), and therefore z = O T z is also standard normally distributed. Since || · || E is invariant under orthogonal transformation, we have
Thus, by definition [55] , X 2 will be distributed as
Consequently, if a permutational test is implemented (see Eqs. (52) and (53)) using a set of context-independent gates, then the statistic X Namely, using the PDF of the chi-squared distribution with n degrees of freedom, i.e.,
we will compute the one-sided p-value given by the integral
where the X T . By setting an artificial threshold p cr , we will reject the null hypothesis (i.e., the context-independence hypothesis) if we observe p < p cr .
The right panels in Fig. 4 show the distributions of the chisquared statistic for the context-independent case ϕ = 0. Panels (b) and (d) display the distribution of X 2 , resulting from fitting a constant model y i (β) = β 0 . Examining M = 51 observations (i.e., M = 51 gate sequences) and considering a set of R = 10, 000 of hypothetical experiments (used to build the histograms), we obtained the correct distribution, that is, χ Figures 5(a) and 6(a) show the fraction of times we reject the null hypothesis for the iterative determinant test, and the cycle test, as a function of N s and the interaction parameter ϕ. More precisely, we again generated R observations; for each observation y r = (y 1,r , y 2,r , . . . y M,r ) we computed the statistic X 2 r , which we then used to compute the p-value
with q = 2 for the ID-test, and q = 1 for the cycle-test. We chose the critical p-value p cr = 0.01 and counted the number of times p r < p cr , that is, the number of times N rejc we rejected the null hypothesis. Figures 5(a) and 6(a) display the ratio N rejc /R; we observe how this ratio increases as we either increase the interaction strength ϕ or the number of number of runs N s . Note that for ϕ = 0 and large values of R, the ratio N rejc /R approximates the power of the test [55] , i.e., the probability of correctly rejecting the null hypothesis. In the next subsection we show how by comparing two different models we can improve the rejection ratio, for the same significance level p cr .
B. Statistical F-Test for nested models
In the previous subsection, we discussed how the X 2 statistic may be used to reject the context-independence hypothesis.
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⇤ aveitia@gmail.com Roughly speaking, if the WLS fit of the context-independent model, was "sufficiently bad", we concluded that, most likely, our gates are context-dependent. Now, in the spirit of model selection [57] [58] [59] [60] , we show how the goodness of fit of two nested models, of the form Eq. (55), may be compared.
The main idea is the following: Consider two nested models
In addition, the corresponding chi-squared statistics obey
and X 2 1 ≥ X 2 2 (which can be seen from Eq. (56)). The following is a useful result (see e.g. [61] ), asserting that if M 1 is correct then
Furthermore, it can be shown that the difference ∆X 2 12 and X 2 2 are statistically independent. Here, for completeness of exposition, we present a sketch of the proof of this fact. As mentioned above, we assume that the observations, i.e., the data is generated by the model y = X q1 β + ε. It will prove 
⇤ aveitia@gmail.com Figure 6 . Hypothesis testing for the cycle-test, applied to the cyclic permutations of the sequence S1 = XπI 500 discussed earlier in Fig. 4(c) . The description of the panels (a), (b) and (c) is as in Fig. 5 . 
are symmetric and idempotent M × M matrices (these are the so-called hat matrices), which satisfy H 1(2) X q 1(2) = X q 1 (2) . Notice now that since M 1 ⊂ M 2 , the M × q 2 matrix X q2 contains the columns of X q1 . Hence, H 2 X q1 = X q1 and H 2 H 1 = H 1 H 2 = H 1 . These facts can be used to express Eq. (66) as
and also allow us to show that (H 2 − H 1 ) 2 = H 2 − H 1 , that is to say, H 2 − H 1 is a projector. Equation (65) follows from the fact that Tr(H 2 − H 1 ) = q 2 − q 1 and ε = N (0, I M ) (see the derivation of Eq. (59)). Finally, the statistical independence of X Thus, for two nested models M 1 , M 2 , M 1 ⊂ M 2 , we will consider the F statistic
Then, based on the fact Eq. (65), if model M 1 is correct, the above F statistic should, by definition (see e.g. [61] ), follow the F q2−q1,M −q2 distribution [63] . This fact will allow us to decide whether model M 2 describes our observations significantly better than M 1 . If it does, then we will reject M 1 , i.e., the null hypothesis. As in the previous subsection, making use of the F n1,n2 distribution's PDF
2 )
(here B(·, ·) is Euler's beta function), we compute the p-value
where F is given by Eq. (68). Here, again, in order to study the power of the F-test we considered R = 10, 000 hypothetical experiments and used Eq. (70) to obtain a set of p-values
. We then counted the number of times a p r is smaller than p cr = 0.01, that is to say, the number of times we rejected the null hypothesis specified by model M 1 .
The panels 5(b) and 6(b) show the power of the F-test for the iterative determinant test and the cycle-test. For the IDtest, the models compared in Fig. 5(b) were the null hypothesis y m = β 0 + β 1 m (M 1 ) and
For the cycle test, we compared the null hypothesis, i.e., the constant model y k = β 0 (M 1 ) and the quadratic model y k = β 0 +β 1 k +β 2 k 2 (M 2 ). In both cases, we observe that the F statistic performs considerably better than the X 2 statistic. Finally, the panels 5(c) and 6(c) reflect the agreement between the histograms, built out the R = 10, 000 hypothetical experiments, and the target distributions in the case ϕ = 0.
V. ESTIMATING THE UNITARITY OF A GATE
As shown in Sec. II E, an attractive feature of the ID-test is that even when no context-dependence is detected, it can be used to extract the unitarity u (G) of a gate G, in a robust fashion, from the slope of log(| det(P m )|). This will be discussed in greater detail in this section, wherein we will take into account the effects of statistical fluctuations and study the precision of the estimateû (G) obtained via the ID-test. Let us therefore assume the null hypothesis associated with the ID-test to be true (i.e., context-independence). Then our observations y m = L m should obey the linear model
where β 0 partially characterizes SPAM errors (in the absence of SPAM errors β 0 = 0) and β 1 = log(| det(G)|). Thus, according to definition Eq. (22), our unitarity estimate will bê
whereβ 1 is the WLS estimate discussed in the previous section. Hence, in order to find the spread of the estimateŝ u (G) we must first determine the probability distribution of the slope estimateβ 1 , which is a standard problem in linear regression. Indeed, making use of equation (57) and writing the linear model Eq. (71) as y = X 2 β + ε, we find that
and Cov(Az) = AzA T , we conclude that the WLS estimates are distributed according to the multivariate normal distribution
The design matrix X 2 for the linear model Eq. (71) is simply
where {m n } M n=1 are the sequence lengths considered in the iterative determinant test, for example, {m n } M n=1 = {0, 10, 20, . . . 500} (as in Fig. 4(e) ). Now, substituting the design matrix X 2 into Eq. (73), we obtain the covariance matrix 1) ) from which we readily see that the unitary estimates will be, approximately, normally distributed. Specifically, when σβ 1 1, the unbiased estimatorû (G) will we distributed according tô
where u (G) is the true unitarity of the gate G. Clearly, in practice, only the estimateû (G) will be available. Nonetheless, the latter can be used to reasonably approximate the standard deviation in Eq. (76) . That is to say, we can set u (G) =û (G), which leads to the simple relation
In addition, note that for high-fidelity gates we will find that u (G) ≈ 1 and therefore,σû ≈ 2/(d 2 − 1)σβ 1 . Figure 7 shows the distributions of the estimatesβ 0 ,β 1 and u , obtained from our simulation of the ID-test, applied to the noisy idle gate I. We chose the parameters of our ZZ model to be ϕ = 0 (which implies that the linear model Eq. (71) is correct), n z = 0.84, η = 0.95, γ −1 1 = 60 µs, γ φ = γ 1 /2 and t g = 40 ns (we assumed that both qubits A and B in our ZZ model are identical). The histograms shown in Fig. 7 were built using R = 10, 000 hypothetical experiments. Furthermore, in table I we present the results of our simulation of the 
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⇤ aveitia@gmail.com ID-test, applied to various single-qubit gates. Unsurprisingly, we found the means of our estimates to be equal to the true values β 0 , β 1 and u (G). The true value of the y-intercept is β 0 = L 0 = 2 log(2) + log(| det(P 0 )|) = −0.731297, which only depends on SPAM errors. The true values of β 1 and u corresponding to iterations of gates of duration t g = 40 ns are
u = e 
Table I also contains a comparison between the mean of the estimatesû (G) and the unitarity Eq. (24) 
Note that the results presented in Table I show no discernible differences between the measures u(G) and u (G). For example, for the model parameters chosen in our simulations, we find the following difference between the true values of the unitarities u (I) and u(I): u(I) − u (I) = Table I . Distribution of the estimatesβ0 andû obtained via the IDtest, applied to various gates. The assumptions and parameters are as in Fig. 7 . The duration of the gates I, X π 2 and Xπ is tg. Here,
and therefore, the durations of these gates are 2tg and 3tg, respectively. Finally, the last column of the table displays the values the unitarity u(G) =
× 10 −10
(recall the inequality u(G) ≥ u (G), proved earlier in Sec. II E). The fact that this difference is so small is not a mere coincidence resulting from our particular model. This, in general, will be the case for high-fidelity gates. This observation may be explained as follows: A high-fidelity gate G will be close to a unitary operation, which has all singular values equal to 1. Therefore, we can write the singular values of W G as s n = 1 − δs n , where |δs n | 1. Next, using the series expansions u(
We thus expect, in practice, both measures to yield similar results. Recall, however, that our determinant-based protocol was devised to detect deviations from context-independence. If no context-dependence is detected, the ID-test can be used to determine the unitarity of an individual gate, unlike the RB-based protocol presented in [38] , which yields the unitarityū of the average error map of a 2-design. Note that with our definition of unitarity, the knowledge of the unitarity of the noisy (and context-independent) generators of a group determines the unitarity of all elements of an implementation of that group (e.g., the Clifford group). Finally, it is worth mentioning a class of maps G for which the measures u(G) and u (G) coincide. Consider a trace preserving map of the form G = U Λ, such that U is unitary (i.e., U T U = I) and the unital part of Λ, which we denote by W Λ , is of the form diag(α, α, . . . , α). Then, it is clear that
. This class includes the depolarizing channel and the map describing the free evolution of a qubit undergoing energy relaxation and dephasing (see the matrix Eq. (34)), in the particular case T 1 = T 2 .
The following steps summarize our unitarity estimation protocol: (i) Iterate a gate G to obtain a set of M probability matrices estimates {P m } M m=1
(ii) Use these probability matrices to compute the observations y m = L m . (iii) Estimate the weights w m = 1/σ either via bootstrapping or using the method we present in the next section. 
A. Bounds on the precision of the WLS estimates
In this subsection we further examine the precision of the WLS estimatesβ 0 andβ 1 (û is directly related toβ 1 ), which are determined by the set of weights {w m = 1/σ 2 m } and the lengths {m n } of the sequences used in the ID-test. The weights {w m } are, as discussed earlier, specified by the spread of the log-det of the estimatesP m . If our observations were homoskedastic i.e., σ m = σ 0 = const., then we could easily express the standard deviations σβ 
where the approximation is for M 1. Analogously, for σβ 1 we find the relation
where m max := b(M −1) is the length of the longest sequence used in the ID-test (in our simulations b = 10 and m max = 500). In general, however, the variability of log(| det(P m )|) will depend on the length of the sequence m, as illustrated in Fig. 8 . The usefulness of formulae (81) and (82) is that these can be used to, crudely, estimate the standard deviations σβ . These guesstimates are relatively close to the actual values (see the caption of Fig. 7) .
Suppose now that we know the maximum and minimum values of σ m , which we denote by σ max and σ min , respectively. Then, instead of equations (81) and (82) -which require homoskedasticity -we can, for evenly spaced sequences, write down the following upper and lower bounds for σβ 0 and σβ
where we assumed that M 1. We prove these inequalities by bounding the numerators and the denominator of Eq. (75) . = n w n , q n := w n /W (so that n q n = 1), and then notice that the denominator D en can be rewritten as
Hence, we have the inequality W 2 q 2 min
Finally, the bounds (83) and (84) are obtained by making use of the fact that for evenly spaced lengths m n = (n − 1)b, n = 1, 2, . . . , M we have Fig. 8(a) we find that for the ID-test, applied to the sequences S m = I m , m = 0, 10, . . . , 500, we have σ min = σ 0 ≈ 0.011 and σ max = σ 500 ≈ 0.018. For these values, the bounds derived above imply that σβ (77)), we find that the standard deviation of the unitarity must be in the range σû ∈ [4.3 × 10 −6 , 1.9 × 10 −5 ]. In conclusion, these bounds can be used to estimate the possible ranges of σβ 0 and σβ 1 by only studying a few points. For instance, if we hypothesize that the standard deviation of the log-det of P m increases monotonically -due to decoherence -with the length of the sequence (which in the absence of context-dependence seems to be a reasonable assumption), then the bounds Eqs. (83) and (84) can be computed from the probability matrix estimateŝ P 0 andP mmax .
VI. DISTRIBUTION OF THE LOG-DET AND HETEROSKEDASTICITY
In this section we study in detail the distribution of the quantity log(| det(P)|) -which plays a major role in this work -as a function of the true probability matrix P. To do so, we start by assuming that P is invertible, which allows us to write log(| det(P)|) = log | det(P + δP) ) = log | det(P) ) + log | det(I + P −1 δP)| . Next, for sufficiently small fluctuations δP k|i , we can use the well-known approximation det(I + P −1 δP) ≈ 1 + Tr[P −1 δP]. Hence, for N s 1, we have
Since the fluctuations δP ki are independent and gaussian random variables (for N s 1), we find, making use of Eqs. (50) and (86), the sought distribution where the varianceσ 2 [P] is given bỹ
Here, A • B denotes the entry-wise product of the matrices A and B (this operation is also known as the Hadamard product) and Q[P] is the complementary probability matrix, whose entries are Q[P] ki = 1 − P ki . The last two equations, expressed in terms of the Hadamard product, will prove useful in the next section. Note that in deriving the above relation, we made use of the fact that for two statistically independent Gaussian variables, X 1(2) ∼ N (µ 1(2) , σ 2 1(2) ), the probability distribution of the sum c 1 X 1 + c 2 X 2 is N (c 1 µ 1 + c 2 µ 2 , c ). An obvious application of Eq. (88) is to estimate the standard deviation of log(| det(P)|). That is, given a probability matrix estimateP, we can approximate the true standard deviationσ[P] withσ [P] . Note that this approach is, to a large extent, equivalent to the parametric bootstrap method [54] , employed earlier in Sec. IV. A clear advantage of using Eq. (88), instead of the bootstrap method, is that it allows us to considerably save computational time because we do not need to generate B 1 replicas ofP, for each sequence. Another useful application of Eq. (88) is that it can be used to establish bounds on the standard deviationσ. For example, it is straightforward to show that for any probability matrix P, with singular values {s k (P)} d 2 k=1 , the following inequality holds:
where ||·|| F denotes the Frobenius norm [64] . In deriving this upper bound we made use of the inequality P ik (1 − P ik ) ≤ 1/4, for all i and k. The above bound will be further examined in Sec. VII A. We used the results presented thus far in this section to study the standard deviations (SDs) associated with the IDtest applied to the gate I (see Fig. 8(a) ). More precisely, we compared the true SDs obtained via the bootstrap method, using the true probability tables P m (obtained from our ideal simulations), with the standard deviationsσ(P m ) obtained via Eq. (88). . The results illustrated in Fig. 8(a) show that, indeed, the quantitiesσ[P m ] can be used as reasonably accurate estimates of the true standard deviations, when N s 1. The relation Eq. (88) can also be exploited to get a crude estimate of the magnitude of the SD of the quantity log(| det(P)|) by simply considering a simplified model of the gate G we are iterating. This approach will prove useful in reducing the SDs and, consequently, increasing the power of our context-independence tests and the precision of the unitarity estimates, as we explicitly show in the next section. But first, let us examine some simple, yet important, cases. Consider the ideal single-qubit idle gate I = I (i.e., the identity matrix) and suppose we can perfectly prepare the input states used thus far (i.e., {|φ i }
and also suppose we can perfectly measure the projectors
. Then the probability matrix (with entries P
Now, making use of Eq. (88) we easily find that for this probability matrix the statistical fluctuations of the log-det (when N s 1) are characterized by the standard deviatioñ
To analyze a slightly more complicated case, let us now assume that the matrix representation (in the Pauli basis) of the idle gate is
which corresponds to setting γ 3 = 0 and ϕ = 0 in our ZZ model. Ignoring SPAM errors and using the same input states and measurements as in the previous example, we find that the variance Eq. (88), associated with the sequence S m = I m γ , is
This expression forσ m vs. the length sequence is plotted in Fig. 8(b) , where the relevant model parameters are t g = 40 ns, γ 1 = 40 µs and γ φ = γ 1 /2. From Eq. (97), we find that for short sequences, i.e., mγ 1 t g 1 and mγ φ t g 1, the standard deviation of the quantity log(| det(P m )|) grows linearly with m. Specifically, we havẽ
For very long sequences, we learn from Eq. (97) Finally, let us consider the free evolution of a qubit in the absence of decoherence. Suppose that the qubit's Hamiltonian is H 0 = ω |e e| . Then for the ideal input states and projectors discussed in the previous examples, we find the variancẽ
where the entries of the probability matrix
. This basic example shows two things: (i) The fluctuations of log(| det(P m )|) do not necessary have to increase monotonically with the length of the sequence m, even when the evolution of the system is Markovian. (ii) More importantly, the standard deviation σ[P] will, in general, depend on how we prepare and measure our system, and therefore it will be affected by SPAM errors. Indeed, the last example can be reinterpreted as (i) preparing a set of input states exp(−iτ H 0 ) |φ i , which implies SPAM errors; (ii) iterating m times the ideal idle gate I = I (iii) measuring the ideal projectors {Π k } 
VII. DETERMINANT-BASED TESTS AND SIC-SETS
As already shown in the previous section, the standard deviation of log(| det(P)|) depends on the measurement configurations, i.e., the set of input states and measurements used to obtain the probability matrixP. The single-qubit tomographic set used thus far in this work was based on the states
Sets of this form are commonly used when performing quantum process tomography (see e.g., [65, 66] ) as they can be easily prepared and measured, using basic Clifford operations.
In this section, we will explore the possibility of employing more refined sets of states with the purpose of reducing the standard deviation of our estimates. Namely, we will focus on symmetric sets of states, such as
which represents a regular tetrahedron inscribed in the Bloch sphere and constitutes a single-qubit symmetric informationally complete (SIC) set. More generally, a SIC-set is defined as a set of d
2
(where d is the dimension of our Hilbert space) vectors |ψ i satisfying
(see e.g., [16] [17] [18] ). If we write
k=1 is a SIC-POVM [17] . Now, as in the previous section, we consider the ideal idle gate I = I and we assume the absence of SPAM errors. This approach will allow us to examine (via the function P →σ[P]) the advantage of using SIC-sets to increase the power and precision of our tests. Moreover, most of the interesting quantum gates satisfy (ideally) the condition G n = I d 2 , for some n ≥ 0, which means that in the case of high-fidelity gates and moderate SPAM errors, the results obtained by considering the identity matrix I will be applicable (to some extent) to a wide class of gate sequences e.g., S k = (X π/2 ) 4k , k = 0, 1, 2 . . . [67] . Thus, we begin by considering the probability matrix 
whose entries are given by (P
is a qubit SIC-set (such as the one presented earlier in this section). Now, using the expression Eq. (88) for the SD of the estimates log(| det(P ideal sic )|), we readily find that
This result, in comparison withσ[P ideal ] = 2/N s (see Eq. (95)), obtained for the states (100-103), represents a reduction by a factor of 12 in the number of experimental runs N s needed to achieve a specified level of precision σ * . Furthermore, the simple structure of the probability matrices for SIC-sets, allows us to derive the following formula for σ[P ideal sic ], valid for any dimension d (provided a SIC-set exists in that dimension [68] ):
Then the variance of log-det log(| det(P ideal sic )|) is given by the relatioñ
Proof . To prove this fact, we first notice that the inverse of a matrix P having all diagonal entries equal to 1 and offdiagonal entries equal to 1/(d + 1) may be written as
This expression may also be easily obtained by first noticing that P ideal sic
T , and then applying the Sherman-Morrison formula [69] to obtain the inverse (P ideal sic ) −1 . Since the diagonal elements of P ideal sic are all 1, only the off-diagonal elements will contribute to the sum ki (P −1 ki ) 2 P ik (1 − P ik ), in Eq. (88). Hence, we find that
Setting d = 2 in the above formula, we recover Eq. (110), that is to sayσ[P ideal sic ] = 1/ √ 6N s . Surprisingly, we find the same result for a qutrit (d = 3), as confirmed by simulations (see Fig. 9 ). Figure 9 shows the simulated distribution of log(| det(P)|) when SIC-sets in d = 2, 3 are used to estimate the log-det of the ideal idle gate I = I d . Note that we shifted both distributions by the amounts 3 log(3) − 4 log(2) (qubit) and 16 log(2) − 9 log(3) (qutrit) to obtain the distributions of log(det(Î raw )) = − log(| det(P ideal sic )|) + log(| det(P sic )|), for which E[log(det(Î raw ))] = 0. These shifts are easily shown to be given by − log(| det( [70] . As predicted by Eq. (111), these two distribution are virtually identical.
Although in the simulations shown in Fig. 9 we did not make use of a concrete qutrit SIC-set, for completeness' sake, Drawing Figure 9 . Simulations of the distribution of log(det(Î raw )) for a qubit SIC-set (panel (a)) and a qutrit SIC-set (panel (b) ). To obtain the distributions, for each measurement configuration, we sampled R = 4 × 10 6 counts n k|i from the binomial distribution Bin(Ns, P we present the following realization (see e.g., [71] ): Let {|0 , |1 , |2 } be an orthonormal basis in d = 3 and consider the normalized states
These states satisfy | Ψ i |Ψ j | 2 = 1/4 for i = j. The remaining 6 members of the SIC-set are obtained by replacing the pair of kets {|0 , |1 } in the above equations by {|0 |2 } and {|1 , |2 }. In addition to the above SIC-set in d = 3 we may also consider the "standard" tomographic set [72, 73] experimental settings to estimate a probability matrixP. Moreover, we do not know how stable this reduction in the SD is against errors in the implementation of a SIC-set and/or decoherence, for large dimensions d. Hence, a reasonable approach to study operations acting on small composite systems, such as two-qubit gates, is the use of local SIC-sets. For example, to characterize two-qubit gates we will use tomographic sets of the form {|ψ i A ⊗ |ψ j B }, where {|ψ i A(B) } are single-qubit SIC-sets. For such local tomographic sets and a gate G ≈ I AB = I A ⊗ I B , the resulting probability matrices, in the absence of SPAM errors, will approximately be of the form P A sic ⊗ P B sic . In addition, it is clear that the SICsets used for the subsystems need not be equal, which means that the SD corresponding to G = I AB , will only depend on the dimensions of the subsystems A and B. This approach can be straightforwardly extended to the n−qubit (or qutrit) case. We will refer to this tomographic scheme, based on local SIC-sets, as SIC ⊗n . Then the variance of the estimates log(| det(P ideal (n)sic )|) is given by the formulã
Proof. First, let us introduce the shorthand notation P n :
We now examine the terms appearing in Eq. (89) and notice that the matrix P −1
n−1 ) may be conveniently written in the block form
(these coefficients follow from Eq. (112)). Likewise, we write the matrix P n = (P 1 ⊗ P n−1 ) in block form, which leads us to the relation
where α = 1/(d + 1). From the above recursion relation, we find that
n . Analogously, the remaining term in Eq. (89) is found to be given by
The difference R n − Q n yields are the result Eq. (117) which, as the reader can easily verify, reduces to Eq. (111) for n = 1.
is not a SIC-set, it comes as no surprise that the variance Eq. (117) does not scale well with the dimension of the system. For instance, for two d-dimensional systems, Eq. (117) assumes the form
which for d 1, grows linearly with the subsystem's dimension d. Finally, we consider the tensor product of two of the estimates log(| det(P)|) corresponding to the standard and SIC tomographic sets, respectively. For the composite systems considered in the table (e.g., 2 × 3 and 2 × 2 × 2), we compared the SDs associated with tensor products of the simpler 1-qubit and 1-qutrit sets discussed in this section (the standard set for d = 3 is specified by Eq. (116)). A comparison between the second and third columns shows the advantage of using local SIC-sets. For example, for the three qubit system (2 × 2 × 2) the use of tensor product of single-qubit SIC-sets reduces the standard deviation by a factor of 10 (approximately).
SIC-sets, corresponding to two systems with dimensions d 1 and d 2 (e.g., a qubit-qutrit system). For the probability matrix P
we have the following result:
. This expression can be derived along the same lines as those used to obtain Eq. (117).
The results obtained so far allow us to compare the standard deviation obtained using local SIC-set schemes and local standard schemes. Table II shows such comparison for some low-dimensional systems. In particular, for the important case 2 × 2, we find that the SIC 2 ⊗ SIC 2 scheme reduces approximately the SD by a factor of 6, that is,σ (I) /σ (II) ≈ 6 (see table II). For the 2 × 2 case it is also worth discussing the possibility of employing the global standard set Eq. (116). This set involves 4 product states and 12 entangled states, which can be prepared employing a single entangling gate plus local gates. Interestingly, for this tomographic set -which involves entanglement -we find by means of Eq. (88) the standard deviationσ[P ideal ] = 2 3/N s ≈ 3.5/ √ N s , which is still larger than that obtained for to the local scheme SIC 2 ⊗ SIC 2 Given that most of the results presented in this section rest upon the implementation of a SIC-set in d = 2, we will now briefly discuss how to construct such set, starting from the computational state |0 (for example, the ground state of our system). First, we notice that if a qubit is initialized in the magic state |T + = cos(θ/2) |0 + e iπ 4 sin(θ/2) |1 , where
, then a SIC-set can be generated by applying the Clifford gates I, X π , Y π and Z π [75] . It is now clear that in order to produce a qubit SIC-set it suffices to implement a single non-Clifford gate U 3 such that U 3 |0 = |T + . A natural choice for this unitary is U 3 = |T + 0| + |T − 1| , where |T − = sin(θ/2) |0 − e iπ 4 cos(θ/2) |1 , so that T − |T + = 0. Thus, in terms of the general 3-parameter single-qubit unitary U (θ, φ, λ) [76] , we can write
where cos(θ/2) = (1 + 1/ √ 3)/2, φ = π/4 and λ = π.
A. Examining the optimality of SIC-sets in d = 2
Finally, we address the question of the optimality of the single-qubit SIC-set. That is, we would like to verify that this set leads to the smallest possible varianceσ[P] in d = 2. Unfortunately, we were not able to solve this problem analytically. However, this, and other related questions, can be easily explored through Monte Carlo simulations because for d = 2, generating a random set {|φ i } 4 i=1 (a frame) reduces to picking random points on the two-dimensional sphere (the Bloch sphere). To generate a random point on the sphere, we first generate three random, and independent, standard normal variables x = (x 1 , x 2 , x 3 ) from which we obtain a state |φ r i , pointing in the direction x/||x|| E . This procedure is known to produce a set of uniformly distributed points (or states) on the two-dimensional sphere [77] . Using this method, we generated a set of R = 5 × 10 , as shown in Fig. 10 . In addition, we made use of the set of probability matrices {P r } R r=1 to search for the maximum value of the determinant det(P r ) and to study the inequality Eq. (93), that is, the difference
The results obtained from this simulations suggest that, indeed, in d = 2 the SIC-set minimizes both the varianceσ[P] and ∆ F , and maximizes the determinant det(P) (see Fig. 10(b) ). Moreover, these results indicate that in d = 2 the inequality Eq. (93) is not tight for probability matrices of the form
Extending this analysis to d > 2 is beyond the scope of this work.
B. Simulations of single-qubit determinant-based tests and SIC-sets
We now apply the ideas discussed in the previous subsection to a more realistic setting, which will include decoherence. To do so, we make use of our ZZ model and focus on our determinant-based tests Eq. (52) (permutational) and Eq. (54) (iterative). But first, we will slightly modify our model. Namely, we will assume perfect state preparation and (1)
Monte Carlo simulations
(Dated: May 3, 2018) Figure 10 . Monte Carlo optimization method applied toσ
and det(P). In order to search for the global optima of these quantities, we generated a set of R = 5 × 10 7 probability matrices {Pr} R r=1 corresponding to states uniformly distributed on the Bloch sphere. We discarded the frames {|φ i } 4 i=1 producing ill-conditioned probability matrices by choosing only those having det(P) > 10 ) shows the distance between the probability matrices {Pr}, yielding the smallest/largest values of the quantities discussed in (a), and P ideal sic . To quantify the distance between these probabilities, we used the matrix norm || · ||max, defined as ||A||max = max
measurements (i.e., no SPAM errors). The reason why we do not model SPAM errors here is because we will be comparing different tomographic sets (specifically, the set Eqs. (100-103) and Eqs. (104-107)) and including SPAM errors might favor one set over the other, even in the case of the ideal idle gate I = I. We will model our gates as in Eq. (45) , that is, we will assume that the noisy implementation of an ideal gate G is G = exp(J G + t g V + t g D), where t g is the duration of the gate, J G generates the ideal gate G and V describes the Ising interaction V = (J/2)Z ⊗ Z, respectively. The superoperator D accounts for the local decoherence of qubit A and the memory (qubit B); the only difference between the superoperator D we consider here and that used in previous simulations, is that we will now set the thermal excitation rate γ A 3 of the qubit A equal to zero. We will thus assume that the initial state of the system is ρ 140 000
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⇤ aveitia@gmail.com Fig. 4(a) . More precisely, we considered the following set of M = 51 non-cyclic permutations of the sequence S1 = I n X n π , with n = 250: S1, S6, S11, . . . , S251, where
Panel (a), shows the power of the F-test for our SIC-set (asterisks) and the standard SPAM scheme (dots), for various values of the interaction parameter ϕ (times 10 4 ) and sample sizes Ns. Similarly, panel (c) displays the power of the F-test corresponding to the iterative determinant test, applied to the M = 51 sequences S0 = I 0 , S10 = I 10 , S20 = I 20 , . . . , S500 = I 500 . Panels (b) and (d) show the target F -distributions for both determinant-based tests when ϕ = 0 and Ns = 50, 000. To determine the power of the tests and to construct the histograms, we considered an ensemble of R = 10, 000 hypothetical experiments.
if the F statistic obtained by comparing the goodness of fit of these two models (see Eq. (68)) is greater than certain value F cr , specified by our artificial significance level p cr = 0.01 (i.e., 1%), we reject the null hypothesis associated with model M 1 and conclude that the gates involved in the test are highly likely to be context-dependent. As expected, we found that the use of a SIC-set leads to a noticeable increase in the power of the F-test, as observed in Fig. 12(a) .
In much the same way, we analyzed the ID-test, applied to the gate I. The results are displayed in the panels 12(c) and 12(d) . The nested models we compared, by means of the F statistic, in this test are the null hypothesis y m = β 0 + β 1 m (model M 1 ) and the quadratic model y m = β 0 +β 1 m+β 2 m 2 (model M 2 ). For this iterative test, we also observed that the use the SIC-set {|ψ i } 4 i=1 boosts the power of the F-test (see Fig. 12(c) ). Finally, the panels 12(b) and 12(d) show that we, indeed, reproduce the correct F -distributions (using the SIC-set), when the gates are context-independent, i.e., ϕ = 0. Then the corresponding PDFs are of the form F q2−q1,M −q2 (x) (see Eq. (69)), where q 1(2) = dim(M 1 (2) ) and M is the number of observations (points) used to fit the models.
C. Estimating the unitarity of a two-qubit gate
Finally, in this last subsection, we simulate the ID-test, applied to a context-independent two-qubit gate with the purpose of estimating its unitarity. More precisely, we will consider iterations of the noisy two-qubit idle gate I ⊗2 , given by I ⊗2 := e tgV+tgD . Note that, by construction, the two-qubit gate I
⊗2
is context-independent on AB, even when ϕ = 0. If we denote by S m the sequence corresponding to m iter-
, where we have assumed that the qubits decohere locally, i.e.,
Thus, assuming that the qubits, and their respective environments, are identical, we find that the slope of L m is given by β 1 = −16( k γ k )t g . Therefore the true value of the unitarity of the two-qubit gate I ⊗2 is given by
It is tempting to use a SIC-set in d = 4 to increase the precision of the unitarity estimateû (a construction of a SIC-set in d = 4 can be found in Ref. [17] ). However, such approach is somewhat impractical since it would require implementing highly nontrivial operations to prepare this two-qubit SICset. On the other hand high-fidelity single-qubit non-Clifford operations have been already successfully implemented (see e.g., [78] ). Therefore, as discussed earlier in this section, we will consider employing local tomographic sets of the form SIC 2 ⊗ SIC 2 (scheme-II) and compare the results thus obtained with those corresponding to the use of tensor products of the single-qubit standard set (scheme-I). As in the previous subsection, in order to meaningfully compare these tomographic schemes (as in table II) we will assume that there are no SPAM errors. From table II we know that for I ⊗2 = I (the identity matrix) a comparison between the SDs of the unitarity estimates found via the ID-test, would yield the ratio σ (I) u /σ (II) u = 12 19/77 ≈ 6 (assuming the same N s for both schemes). Clearly, due to decoherence, we expect our simulations to yield a smaller ratio σ Figure 13 shows the results of our simulations of the ID-test applied to the two-qubit gate I ⊗2 , with parameters t g = 20 ns, ϕ = Jt g = 1 × 10 
GMD-like bounds on the orthogonalization time 
N (µû0,
⇤ aveitia@gmail.com 13(b) we observe the expected reduction in the magnitude of the statistical fluctuations, achieved thanks to the use of the SIC 2 ⊗ SIC 2 set. Naturally, this reduction translates into more precise unitarity estimates, as illustrated in Fig. 13(c) . Using R = 40, 000 hypothetical experiments to determine the distributions of the unitarity estimatesû (I) andû (II) shown in Fig. 13(c) , we found
Thus, by using scheme-II we improved the precision of the unitarity estimates by, approximately, a factor of σ
As discussed in Sec. V, we expect our unitarity estimates to be close to the unitarity u(G), introduced in Ref. [38] . Indeed, for our two-qubit gate we have
The difference between the unitarity u(I ⊗2 ) and the true value of our unitarity measure u (I ⊗2 ) = exp(−32/15t g (γ 1 + γ φ )) (see Eq. (124)) is 9.8 × 10 −7 . Figure 14 (a) shows the variability (i.e., heteroskedasticity) of the SDs of the estimates log(| det(P m )|) for SPAM schemes I and II. These SDs were computed from Eq. (88) using the true probability matrices P m for each sequence length 
gmail.com k
' ⇥ 10 
log(det(Î raw )) log(det(Î raw )) log(det(Î raw ))
L k (3)
X ⇡ (7)
X ⇡/2 X ⇡/2 (9)
N (µû0, 
L k (4)
X ⇡ (8)
X ⇡/2 X ⇡/2 (10)
N (µû0 , 
X ⇡/2 X ⇡/2 (10) 
log(det(Î raw )) log(det(Î raw )) log(det(Î raw )) (4)
X ⇡ (9)
X ⇡/2 X ⇡/2 (11)
N (µû0, m. We see in Fig. 14(a) that the use SPAM scheme II leads to smaller standard deviations even for longer sequences than those considered in Fig. 13 (wherein m max = 500). As discussed in Sec. V, it suffices to know only the SDs corresponding to minimum and maximum sequence lengths to bound σβ 1 , provided σ m increases monotonically with m (as it is in our case). Thus, setting m min = 0, m max = 500, M = 51 (as in the simulation Fig. 13 ),û = 1 (becauseû ≈ 1) we find, using Eqs. (77), (84) and Fig. 14(a) , the following bounds: Fig. 14(a) . Furthermore, in order to find out how much the heteroskedasticity of the observations limits the precision of our unitarity estimates, we plotted (on log scale) the following expression, which assumes homoskedasticity i. Fig. 14(b) represent the relations Eq. (130) for schemes I and II. As expected, the fact thatσ m increases with m leads to less precise unitarity estimates. Fortunately, the effect of heteroskedasticity in our model is rather moderate, i.e., it does not lower the precision of the estimates by orders of magnitude, provided the sequences considered are not excessively long. For example, for m max = 500 (as in Fig. 13 ), we find that the ratio σû max /σ (homosk) u max equals 1.3 for scheme I, and 1.7 for scheme II. It is also worth observing that the difference between log 10 (σ Finally, we can also exploit the data obtained from our simulations to explore a situation involving SPAM errors. This can be done by noticing that we can treat the first n gates in the sequence I ⊗2 as errors in state preparation; conversely we could also treat the last n gates as measurement errors. Note that we can express the probability matrix corresponding to a sequence S m = G m as
where m = m − n, |ρ i ) = G n |ρ i ), (M k | = (M k |G n and (A|B) := Tr[A † B]. Therefore, shifting our list of probability matrices, i.e., treating the nth iteration of the gate I ⊗2 as our reference sequence, is equivalent to introducing some amount of SPAM errors, which can quantified through the process fidelity 
where T Figure 14 (c) shows the impact of these SPAM errors on the precision of the unitarity estimates for schemes I and II. We assumed the value n = 200, for which the fidelity of the SPAM matrix is F 200 ≈ 0.9. A comparison of panels 14(b) and 14(c) shows that the inclusion of this particular form of SPAM errors does not affect dramatically the precision of the unitarity estimates; it is also evident from these figures that the use of scheme-II, based on local SIC-sets, still leads to more precise estimates.
VIII. CONCLUSIONS
In this work, we examined the effect of statistical fluctuations on the power and precision of the tests for contextdependence proposed in Ref. [7] . We began this paper by highlighting the clear connection between the permutational test, the iterative determinant (ID) test, and the experimental data. More precisely, we showed how these tests can be formulated, in a natural way, in terms of
probability matrices corresponding to d 4 measurement configurations, whose details need not be known precisely. In addition, we showed that in the limit N s → ∞ these tests for contextdependence are exact, the only assumption being that the initial state of the system ρ 0 and the POVM effect M 0 (i.e., our detector) do not depend on the context. Also, making use of the fact that our tests are based on spectral properties of quantum maps, we constructed a CP-indivisibility witness which does not depend on the SPAM specifics. Finally, we discussed the multipurpose ID-test, which can be used to both detect non-Markovian errors and to characterize the unitarity of a specific gate.
The rest of the paper takes into account the fluctuations in the probability (frequency) matrices, due to finite measurement repetitions N s . First, we formulated our tests for context-independence in the framework of hypothesis testing. We then discussed the weighted least squares (WLS) method and two related statistics (the X 2 and the F statistic), which we used to test the null hypothesis (i.e., the context-independence hypothesis) in the ZZ model introduced in Ref. [7] . We presented the power of the tests, i.e., the probability of correctly rejecting the null hypothesis, for various "small" interaction parameters ϕ and sample sizes N s . Here we found that using the F statistic (which compares two nested models) for hypothesis testing leads to higher powers than those obtained via the X 2 statistic. Clearly, the analysis of the statistical significance of context-dependence effects can also be carried out employing other powerful techniques such as cross validation (CV) [79] , model selection criteria (e.g., AIC) [57] or Bayesian inference methods (see e.g. [80] ).
In order to obtain results that do not depend on our model of context-dependence (i.e., the ZZ model), we focused on studying the distribution of the log-det estimates. Specifically, we derived a useful formula for the standard deviation of log(| det(P)|) in terms of the true probability matrix P and N s . We used this result to study the heteroskedasticity of the log-det and to compare the performance of various tomographic sets in d = 2, 3 and 4. This analysis allowed us to improve the power of our tests for context-dependence and the precision of the unitarity estimates using SIC-sets. Finally, we simulated the ID-test for a two-qubit context-independent gate with the purpose of examining the precision of the unitarity estimates vs. the maximum sequence length considered in the test. The results of this simulation, together with other bounds presented in this work, suggest that in the absence of contextdependence, the ID-test has the potential to yield very precise unitarity estimates for single-and two-qubit gates. This can be easily understood by noticing that a "quick" estimate of the unitary of a gate G can be obtained by simply considering two probability matricesP 0 andP mmax , corresponding to the gate sequences S 0 = G 0 and S mmax = G mmax . Then the standard deviation of the unitarity estimate, obtained via WLS, will be of the order of α/(m max √ N s ), where α depends on SPAM and heteroskedasticity, and it will typically be of the order of 1 (or less, provided that SPAM errors and decoherence are moderate). Hence, long gate sequences will considerably reduce the uncertainty of the unitarity estimates. Note that this boost in precision for a given N s is analogous to the hyper-accuracy observed in GST [14] .
